WEIGHTED INEQUALITIES FOR GENERALIZED FRACTIONAL
OPERATORS
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ABSTRACT. In this note we present weighted Coifman type estimates, and two-weight
estimates of strong and weak type for general fractional operators. We give appli-
cations to fractional operators given by an homogeneous function, and by a Fourier
multiplier. The complete proofs of these results appear in the work [5] done jointly
with Ana L. Bernardis and Maria Lorente.

1. INTRODUCTION AND PRELIMINARIES

I would like to dedicate this note in memory of Dr.Carlos Segovia. First we will
give some basic definitions and preliminaries needed to state the results. Let us recall
some of the background on Orlicz spaces. (See [24] and [21] to complete this topic.)

A function A : [0,00) — [0,00) is a Young function if it is continuous, convex,
increasing and satisfies A(0) = 0 and A(t) — oo as t — oo.

Given a Young function A, we define the A-mean Luxemburg norm of a function f
on a cube (or a ball) @ in R" by

\|f\A7Q:inf{)\>O:ﬁ/QA<%)gl}. (1.1)

It is well known that if A(t) < CB(t) for all t > ¢, then ||f||40 < C||f||s.q, for all
cubes @ and functions f. Thus, the behavior of A(t) for ¢ < ¢y is not important. If
A ~ B, that is there are constants tg, c1,c2 > 0 such that ¢ A(t) < B(t) < c.A(t) for
t > to, the latter estimate implies that || f||1.0 =~ || f|5.o-

Each Young function A has an associated complementary Young function A satisfying

t< AV OA 1) <2t

for all t > 0. There is a generalization of Holder’s inequality

1
el /Q ol < I lacllgllzo (1.2)

A further generalization of Holder’s inequality (see [21]) that will be useful later is the
following: If A, B and C are Young functions and

ATNBB(1) < (1)

then
1f9llce <2/ fllacllglse- (1.3)
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When A(t) = t we understand that A(t) = 0if 0 < ¢ < 1 and A(t) = co otherwise.
Then A is not a Young function, but L* = L* and the latter inequalities make sense
if one of the functions is A or A.

For each locally integrable function f and 0 < o < n, the fractional maximal operator
associated to the Young function A is defined by

My af(z) = sup Q1™ 1| 40
ox

For a = 0 we write M4 instead of My 4. When A(t) = ¢t then M, 4 = M, is the
classical fractional maximal operator. For a = 0 and A(t) = ¢t we obtain My 4 = M,
the Hardy-Littlewood maximal operator. Consider the case a = 0, for

Aty =1, A(t)=t"(1+1log"(1))?,  A(t) =t(1 +1log"(1))",
the maximal operators associated to these Young functions are:
M, (f) = M(\fl’”)”’", MLr(log+ L)8 (f) and ML(log+ L)k’(f)

It k>0, k € Z, then Myq,e+ ) 1s pointwise equivalent to M*1 where M* =

log
k times

/_/_\ . .
Mo..oM, keN.Itis also easy to check that if £ > 0 and » > 1, then
Mf<x) < CML(longL)kf(x) < CMTf(a:) :

The good weights for M are those in the A, classes of Muckenhoupt (see [19] and
also [26] and [18] for the one-sided case).

The good weights for the M, maximal operator are the A(p, q) classes. It is proved
in [20] ( see [1] for the one sided version) that ||(M,f)w||, < C||fwl|, if and only if
w € A(p,q), for 1 <p<gq,1/p—1/q = a/n, where

1 1/f1 1 ,1/77/
_ q . —p A
(\@ifq“’) (|@1/.Q|“’ ) =6, r.9)

for all cube Q.
Also observe that for the case p = ¢, w € A(p, p) is equivalent to say that w? € A,.
Let us define a generalization of the Hormander condition, for a given kernel K. We
used the notation: |z| ~ s for s < |z[ < 2s and || fll 4 zl~s = 1 X(ujmsy 14802 5)-

Definition 1.1. Let A be a Young function and let 0 < o < n. The kernel K, is said
to satisfy the L*-Hérmander type condition, we write K, € H, 4, if there exist ¢ > 1,
C' > 0 such that for any y € R™ and R > c|y|,

@R Kol = y) = Ka()l| afanam n < C.
m=1
We say that K, € Hq, o if Ko satisfies the previous condition with || - || pe jzjvem g i1

place of || - || ajaf~2m a-

Definition 1.2. The kernel K, is said to satisfy the H, ., condition, if there exist
c>1,C >0 such that
||

|Ka(z —y) — Ka(z)] < CW’ || > clyl.
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Observe that when a = 0 we obtain that Hy 4 = H 4 defined in [16].

If A(t) =t", for r > 1, then we write H, 4 = H,,. This H,, condition appears
implicitly in [12]. On the other hand, since ¢t < C'A(t) for t > 1 we have that H, 4 C
H, ;. Also, it is easy to see that H;OO C Hyoo C Hyop.

Suppose that T' is an operator given by convolution with a kernel K which satisfies
some regularity condition and suppose that we know some behavior of T" with respect
to the Lebesgue’s measure (weak or strong type inequalities for T'). Sometimes, in order
to know how is the behavior of T" when we change the measure, (i.e., when we consider
the measure w(z)dxr where w is a weight, (0 < w € L}, (R™))) the following inequality
is useful (we call it a Coifman type inequality)

[rive<c [aspo. (1.4)

Here My is a maximal operator related to the operator 17" which is normally easier to
deal with. In general, M is strongly related with the kernel K and its size is inverse
to the smoothness of K: the rougher the kernel, the bigger the maximal.

For T a Calderén-Zygmund singular integral operator (i.e., K € HZX, see Definition
1.2, for a = 0) inequality (1.4) holds with M7 = M, the Hardy-Littlewood maximal
function, 0 < p < 00, and w € A, (see [8]).

If T' is a singular integral operator with less regular kernel, (see [13]) for example if the
kernel K satisfies an L"-Hérmander condition (Definition 1.1, for A(¢) =" and o = 0),
then inequality (1.4) holds with My = M,,, with 1/r +1/r' =1, for all 0 < p < o0,
and w € A (see [25]).

For a Young function A, the LA-Hoérmander condition is introduced in [16], which
generalized in the scale of the Orlicz spaces the L"™-Hoérmander condition. In [16] the
authors showed that, if the kernel K € H 4 (Definition 1.1, for o = 0), then inequality
(1.4) holds with My = My, where A is the complementary function of A, for all
0<p<oo, andw € A.

The differential transform operator was studied in [11] and [3]. In [14] it is proved
an inequality of the type (1.4), by showing that the kernel satisfies the LA-Hoérmander

1

condition for A(t) = e*) — 1, (¢ > 0). Therefore, this operator satisfies inequality
(1.4) with the maximal operator M, where A(t) = t(log(e+t))' "¢ (actually they obtain
a smaller operator since T" is a one-sided operator, because suppK C (—o0,0)).

The Coifman type inequality allows us to obtain, for general linear operators, two-
weight inequalities of the type

/|Tf]pw§0/|f|pMTw, (1.5)
for 1 < p < oo and in the endpoint case p =1,
C
w({x eR": |Tf(x)| >A}) < X/ |f(z)|Mrw(zx) dx, (1.6)

for every weight w, with no assumptions on w. The operators My are again suitable
maximal operators related with 7" and not necessarily the same for inequalities (1.4),
(1.5) and (1.6).
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There is a great amount of works that deal with inequalities of the type (1.5) and (1.6).
When T is a Calderén-Zygmund operator (with kernel K € HY ), inequality (1.5) holds
with My = ML where [p] is the integer part of p (see [22]). In the endpoint case
p = 1, inequality (1.6) for Calderén-Zygmund operators hold with My = M, (0g 1)<, for
any € > 0, where M (105 1)- is the maximal function associated to the Young function
A(t) = t(1 + log™ t)s. This result was proved by Carlos Pérez in [22]. For T a singular
integral associated to a kernel K satisfying a general Hérmander’s condition given by a
Young function A, the corresponding results, that include as particular cases those of
C. Pérez, has been proved in [14] and [15].

In 1974, Muckenhoupt and Wheeden [20] proved inequality (1.4) for T the classical
Riesz potential I, and My the fractional maximal function M,,, defined for 0 < aa < n
and locally integrable function f by

I f(z) = /R f(y)

w | —yne

Observe that using the mean value theorem we can prove that, the kernel of the
fractional integral, I, Kq(#) = ==, belongs to H . For I,, inequality (1.5) holds

= P
with My = M, (M) (this result is also due to Carlos Pérez, see [23]). On the other
hand, inequality (1.6) for I, holds with My = My (M (o 1)) in [6] (see also [2]).
There are fractional integrals with less regular kernel than the Riesz transform (see
for example [7], [12], [27], [20], [9], [10]). Suppose that € is homogeneous of degree
zero and Q € L*(S™!), where S"~! denotes the sphere of R and s > 1. Define the
fractional integral associated to {2 by

Toaf@) = [ T 1o - ay.

In [10] inequalities with weights were established for this operator, which generalized
the corresponding inequalities for I, given by Muckenhoupt and Wheeden in [20]. In
a more general context and with an aditional condition in €2, that is, () satisfying the
L#(S™1)-Dini smoothness condition, Segovia and Torrea [27], studied the good weights
for this operator and its commutators, using extrapolation theorems.

In this note we state and briefly sketch the proofs of the corresponding results for
general fractional integrals T,,, 0 < o < m, given by convolution with a kernel K, which
satisfy a H, 4 condition, for appropriate Young functions A (see Theorems 2.1, 2.3 and
2.5).

From now on, for 0 < o < n, T, will be a fractional operator bounded from L?(dx)
to Li(dx), for all 1 < p < g < oo satistying 1/p — 1/q = a/n.

2. STATEMENTS OF THE RESULTS

Theorem 2.1. Let T, f = K,* [ be a fractional operator given by a kernel K. Suppose
T, is of weak-type (1, -"—).



WEIGHTED INEQUALITIES FOR GENERALIZED FRACTIONAL OPERATORS 5

(a) If A be a Young function and K, € Hy 4, then for any 0 < p < co and w € A,

/Rn Tof(z)Pw(z)de < C’/n M, 7 f(x)’w(x) dz, ferr. (2.1)

(b) Moreover, if the kernel K, is supported in (—o00,0), then for any 0 < p < oo,
w € AL, it follows that (2.1) holds with M;“Zf in place of M,z f where M;rzf(x) =

sup,<p(b — )| fll 7 (2 -

Remark 2.2. Observe that we can apply the theorem to I, and I T (respectively) ob-
taining the result in [20] and [17], for A(t) = t.

Proof. To prove this Theorem we use the sharp operator of T,,f. Given x € R™ and a
cube @ 3 x, decompose f = fi+ fo, where fi = fxa2g and fo = f— f1. For T, f1 we use
Kolmogorov and that Ty, is of weak-type (1, —=-). For the global part we use that Ty, is

the convolution with the kernel K, € H4 and the generalized Holders inequality. [

Theorem 2.3. Let A be a Young function and 1 < p < oo. Suppose that there exist
Young functions £, D such that £ € By and E7(t) F1(t) < AH(t) with F(t) = D(P).
Let Ty, be a linear operator such that its adjoint T satisfies

|17 f(x)|?w(z)de < C / M,z f(x)"w(z)dz, felLy (2.2)
RTL n

forall0 < g < oo and w € As. Then, for p > 1 and for any weight u,
/ |Tof(x)|Pu(x)de < C |f(2)|P Moppu(x) de, feLrLr. (2.3)
R Rn

Remark 2.4. For the applications below, and since all our operators are of convolution
type, proving (2.2) for T} or T, turns out to be equivalent.

Proof. To prove this Theorem we use duality and apply Theorem 2.1. To do this we
need the fact that the weight (M7w)? belongs to Ay, for all 0 < § < 1 and any w. For
the maximal operators My that appears in this proof, has been proved in [4]. O

Theorem 2.5. Let T,f = K, * f be a fractional operator. Suppose that there exists
d > 0 such that for any p € (1,1 +0), there ezists a Young function D, satisfying

| sresc [ 100 (24
n Rn
for all weight u. If K, € H, a, then for any weight u,
C
u({z e R" T, f(z)| > A}) < 3 |fI(Mu+ M, zu+ Mapp,u), (2.5)
Rn

for all A > 0.
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3. APPLICATIONS

3.1. Fractional integrals associated to a homogeneous function. Denote by S"~!
the unit sphere on R". For z # 0, we write 2’ = x/|z|. Let us consider Q € L*(S"1).
This function can be extended to R™\ {0} as Q(x) = Q(z’) (abusing on the notation we
call both functions €2). Thus Q is a function homogeneous of degree 0. Let 0 < a < n,
and let A be a Young function such that B(t) = A(t"= ) is also a Young function. Let
Q € LA(S™ 1) and satisfying the LA(S™~!)-Dini smoothness condition, i.e.,

/0 wA(t)% < 00, (3.1)

where

wa(t) = sup |Q +y) — Q) [lagn1-
ly|<t

Consider the fractional operator

Q(y
Toaf() = [ gt~ )y
e |yl
Using Holder’s inequality with B and B it is easy to see that Q € LA(S™!) implies 2 €
Lw=s (S™71). Then, by the result in [7], T, is of weak type (1, —2-), with respect to the
Lebesgue’s measure and is bounded from L?(dz) to L(dx), whenever 1/p—1/q = a/n,
1 < p < q<oo. Wecan prove (as in [14]) that the kernel K, (z) = ﬁ@a
H, 4 condition. Therefore Theorems 2.1, 2.3 and 2.5 can be applied to the operator
To.q-
In the particular case that A(t) =" with r > —"— we get the following:

satisfies the

Theorem 3.1. Let Q € L"(S™™1) be as above and satisfying the L"-Dini condition.

(a) If0 <p < oo and w € Ay, then

| Mnet@Po@dr <¢ [ Moofpo@ds,  ferr.  G2)

n

(b) If 1 <p <r and u a weight, then

/ |To.of(x)Pu(z)de < C’/ | fIP Moy, u(x)d, ferr. (3.3)

n

(¢) If 1 <p<r and u is a weight, then
C
w{z € R": |Tauf(z) > A} < X | f(x)| (M u(x) + Mopp,u(z)) da. (3.4)
RTL

In both cases Dy(t) = tT/P' (1 +log™ t)/P' @D+ gnd e > 0 is small enough.

Proof. We only have to apply the theorems with the following Young functions: A(t) =
tr, &) = (1 + log* t)71¢, and F(t) = tr5(1 + log* £)/»' =D+ where £ > 0
is some small enough number that is related with e > 0. Observe that in part (c)
we obtain Mu + My u + Mqpp,u on the right hand side, but it is easy to see that

M pru < Myu + My p,u and Mu < Mru. O
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For Ty, as above, we obtain the following weighted inequality as in [10] (see also

[27]).

Corollary 3.2. Suppose that we are under the same hypothesis as in Theorem 3.1. Let

r<p<® =1 _agnguw’ c Alp/r', q/r"). Then

oﬂa p n

( o ‘Ta,af(x)!qwq(w)da:> v <C ( ’f!pw”(x)dx) l/p‘

Rn
Proof. First of all observe that w™ € A(p/r’,q/r") implies w? € A,. Then by part (a)
of Theorem 3.1

Taoof(@)|wl(z)de < C | (Maf)w!(z)dx.
R" R

1

Since Mo, f(z) = (Mar|f]" (2)) " and w € A(p/r',q/r") (see [20]) we have that

/n(Ma,r,f)qwq — /n <Mwl|f|r’>q/’"l (W) < C (/Rn <|f|r,>p/r’ (wr')p/r’)q/p‘

0

3.2. Fractional integrals associated to a multiplier. Let 0 < o < n. Given a
function m defined in R we Consid/ei the multiplier operator T, defined a prior: for
functions f in the Schwartz class by T, f(£) = m(&) ]?(f) Givenl < s<2and0<[eN
we say that m € M(s,[, «) if there exists a constant B such that |m(z)| < Blz|~* and

sup RIP* || DPm
R>0

Ls ¢|~R < 00, for all |5] <.

In [12], Kurtz proved that if n/s <1 <n and m € M(s,l,«) then T, is bounded from
LP(dz) to Li(dx), for 1 <p <n/a and 1/¢ =1/p — a/n. If K, is the kernel of T, he
proved that K, € H,, for all 1 < r < (n/l) and, as a consequence, he obtained the
following Coifman type inequality: for all e > 0, 0 < p < 0o and w € A,

|Tof(x)]Pw(z)de < C Mepjire f(2)P w(zx) da. (3.5)
.

R’ﬂ
Now we can apply Theorems 2.3 and 2.5 to this operator.

Theorem 3.3. If 1 <p <r < (n/l) and u a weight, then

/R T @) Pu(e)de <C [ |fPMaypu@dz, f €L (3.6)

Rn
and

u{r € R": |Tof(x)] > A} < % - | f(x)|(My u(x) + Moy p,u(z)) d, (3.7)

where Dy (t) = t0/P' (1 + logt ¢)/P'@=1+e gnd e > 0 is small enough.

Observe that as e is at our choice, we can write D, (t) = tU"/P)'(141og™ t)(r/p)'P=Dte <
t0/P) for all 1 < p < 7 < (n/l). Therefore, we can write D,(t) = t"/?)" in (3.6) and
(3.7).
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