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THE BEHAVICHR OF THE SQLUTIONS OF R TWO-PIINGE STEFAN
PROBLEM AND THE VALUE OF AN ENTRGY IRTEGRARL
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5. ABSTRAUT

we considor 2 Lwo—phase Stefan problem, analyzing the relation between the
initial datas and the pogsibilirty of continuing the solution for arbitrarily largo
Lime intervals.

§. INTEODUCTION

In [!] A. Fasanc and M. Primicerio analyzed a class of free-boundary profilems
for the heat eguaticn in one space diocasion, releasing the slgn restrictions on
the date and the latent heat uwsually reguired In the Srefen proble=.

in F] they considered the following two problems for a one phasc Stefan pro-

blen:

a) how are the data related to the possibility of continuing the selution
over arbitrarily large time intervals?
b) does any solutleon exist when the datum prescribed on the free boundary

zm (k] doss vot (it the lnitial datum st xwa(0)?

tn this paper we sare interested in problem a) for the two—pghase Stefan problem.

I

|- we glve the preliminaries corresponding te the description of the pro-
bles.
In 2- we conaider the case of negative initial data.

In 3- the case of positive initial data 1s treated.

{*) Pacultad de Ciencias Exactas e Ingegpieria - PROMAR (COMICET-TME} -
Universidad Macional de Aesaris Avda, Pellegrinl 250, 2000 HOSAKIO -
Hep. Argentina.
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Finally in 4- wo analyze the non-classiecal case withinltial data of mixed

aigns,

l- TWO-PLASE STRFAN PROBLEM

Lot us consider Problem P which cannists of findinmg (T, =, U, V] such that:

1] ' 0 .,
1) s€c 1[0,0), s€c' (0,1 D<sie) <1 for D <t 7.

iid) vix,el ds a fonction, bounded in 0 € x < sit), 0 € & £ T and continuous
on the same reglon, axcept porhaps at the pointe (0,00 and (a(0),.0) .
UxIK,tJ is a conlipwous functico in 0 £ x <€ a({t), 0 < L < T,
u_.ua are contipuoas functions in b cx <alth, Ot g1,

xx' t
Similar conditions are imposed on the function ¥,

iv] The Following conditiona are satiskied:

L]
(1.1] |-|:“,_x‘|-||__'1:I in D,Fl*“x;tlﬂ)ﬂxii{th <t eT) (liguid=phane)

a

{1.2) uu'v! =0 in b_= [(x,th=8(t) €x<l, O<t<T] (solid-phase)

]

(1.3) =i = a

{1.4) wix0)=-4(x) ,D<x<ca £1.5) wix,0) =d%(x) ,a<x<l
(1.8} !:rE{l],t}=l.'l-,0<t<T {1.7) ‘irxl.'l,t}=ﬂ,':|€t<'1"
{1.8) Tluib),k)=0,0<taT (1.9 w(=(t) t}=0,0<tsT .

(1.1 ler-{tl,th - uxuuﬁ.u =ak]l O<e<d
where O<a<l and dgci|t,a|) . peci|a i) .

Defining
a 1
(1.t} Q:a{-[ fdixy d= 4 [ wix) dx
o ‘a

it 18 #any bo prove the following Lntegral mquablon, by using Green's

theorem
rait) 1

(1.12) =it} -p - | %, L) dx - [ Vix,t) dx O <L E<T
‘o Jaie)

Wo shall call case A the one in which the solution exisca for all cime. If there



iy a finite stopping bime T, we speak of caze B when %i!": %‘n! 5[t} =0

i si{k] =1 i of i
ar %:_'_z’_ up it) , and nf case © when %_'LE %ﬂf ={ty >0 and ][-'_i'} %up s{th«1,

E
T
end hers we have blow-up at. L=T .

In case of finite stopping time T , iL is proved in |:1: that:

lim min {af{e), 1 - sf{t))} =0 er 1lim sup |&(t)| =+ = ,
L +T L+

In the following secticm we study the aon-classicsl cases e, ¢ <0 or §24 .

2- WER-COOLED LIKUN 1IN CONTACT WITH CLASSICAL SOLID {4 €0, ¥<0)

Fropomits 2.1: If (T, x, U, V) in a soluticn of Problam P, then

|s=a
D <a and trivially @ - a<m |
UZVED

mareover, Lf 70 and IO, Ehen:

u W
1) m«din D and ¥ <0 im I

T T
il) gosit) . Db T

1il) & ig a decreasing function in (O,Th, 0 < pit) ca, ¥ £ [0,1)

Froof: It follows from (1,12}, (1.10) and the maximum priociple.

We procesd to characterize cascs AR depending on the walus of g .

Propesition 2.2:
i} B+Qed | B2 {0 -0¢z0}

ii}) A=0D 2 0 <&

PFroof: IF in caséa B we use T.ebeague's theosom, then
rl
0= | ¥ix,T) dx ; and i} follews. ParL ii} fellows from (.12},
o

sinca U and ¥ tend uniformly to zorw as L+ = and alac HE s(k} =90 .
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Hemark 2.3: If we oonsider case 8, 0=0 can only octur for the one-phass
probles. then tha interest lies in Lhe fact that & 70 , which we assuee [rom

pite 0D

Hext we show the equivalence bulwesn case A and D<@<a for which we need
lams lanmas .

Assume a hypetisnisn of the type lR;'.I {see [2}; EE:#, that is
0 Heetom /vaga-oal o s <o
14} ;-z’z-ﬁ th,a) /o al=r) <=1 > 1] . x*&i:i;tzlc'w.al '

““l““‘z*“l IR ERS 2 =-1], 4 =1,2.

Lemeia 2,42 I the hypothesis al:ove in satisfied then:

o
If 0> 0 there are no points in D such that uix,t) =-1 or the lzothers U e -1
i ueparated by a pouitive distance from x-o{t) €or all & 0,7 such that

Beulibl <1 .,

Brouts It is analogens to lemma 2.5 [2]

T following liwma generalizes another result, =imilar to the ane given in

2] ana [8]-
Loemms 2.5: Lot I|II and M, >0 he such that:

gix}y > M [x-a) O <x<a .
2y S

pixy > H:_,!.a—x} agx=<! =

and let (7, =, U, ¥V} be & polution of P .
Lol &(T) - E‘.f# i) 'I'Bfﬂ““" w0, A&I0N,r{T)), d < 1-a ,
Hlux[ ,zlr‘.(u,l] . zj_\u £
and Uis{Th d,4} :-—:c.: got. T

yi{git) + d,T) > —2':z Qo T .

Then thers oxists a constant K » 0 such that

Sy @- ¥k ,0¢EaT,



Presf: Let ¢ >0. We consider twe auxiliary functions

=A

1 b{x-si{t
W {x, b (rer EEER, oy —dex<slt] , GcbAT-x
1 3 ;bd - = -
=A
- I
HE':Irt] o Hr:E 111—13Hx i ”} P 8it)cx<elel+d, D2E4T-¢
l-g

Whare L, 32 v boand' ¢ are constant to be determined.
i
Ozl b masimun prinelple in the appropiare reglens ©o compare wl with U

arel ﬂz wikh ¥, we get as in [B] thae:

F -
(41 rJ!Iu[t.:,H_c_“':'b-;.ﬂtl £T=0
l-e

with Al (1} swch that i*imsxizl..ﬂl ) ancd

(2.2p br-o = - inf }é:[t]

L P

a,c
R

v lste),d B

l-=

whiith A, lnant?.‘e, M_ <b and ¢ <0 arbitrary.
s

2
Then -
n . )
" Fi Fl
12.3}) v o(slt),E) > lim w——— - —
x — sl 1_';':.'1'. d

By W, 100 anet (2.1),42.2), (2.8

--3:.2 Ao
glt] =¥ [sf{t],t) - T dsit),t] >— +———— .,
= X = d

Thig e oaren e
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de A
12.4) e.2 , L
d&i . e 1_EJ:I.:|E
IR,
The function [[x) - L L —— - =<¢x<D, is mmotons.
A x x
1 1=
And:

I
1im (%} ———1 >0, li=m fix} = -= .
F ™ ‘a'| x+i)

cherefore thare exists a unique o <0 such that £{u} =0 (it depends only oo i.h'.1

aricd I‘-z} .

(2.4
By (4 !l:lEg

=9 E-]

We have cbiained a lower bound for "r:.’ infependent of £, thon, Lt follows:

18] » =K , Dt <T, with R»D.

From thes2 two leonas, we Geduce:

Propositian 2.0 leler the hypoelbheses of Ivnmas 2.4 and &5
Co=0<0

¥rpof; 1t 920, Erom leama 2.4, Rhe isotherm U= -1 either does not exist or iv
separatutt rom the Ereé boundary, This allows us to apply Lesma 2.5, s that &

18 bounded from below.

Remark Z.7: TI case ¢ ocrurs, the isotherm U=-1 exists and reaches Lhe Free

tmundary. Un the other hams, 1f §--1, € can nol nooue.
Peopessition & H:  Under the hypatheses af lemmas 4.4 and 2.9 wwd § 70 wr have:
0<Q<a-xh

Proof: Prom Propositiom 2.2, sinee ¢ F 0, we have 3 o< (FI
From the provious propuslbilon we liawve O i< 4]

Tharefore (D= h .
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MoLs Lhat for Q< 0, it Is impossible to characterize cases & or © only by the
walue of Qp Ly degeond on Che dnlilal eonflaguration (4,00 oo this is in contrast

Lo the aop=phiana piresh les,

Tamima Z.7: T1 there exist ll:! *»0, Hi » 0 such that

blad 2w teely |o,af

bled > -Mox o, |z,1]
-H

2
and if g <« =z then C occurs.

Froof: Srom the maximu= principle

L
Jix,:) > M [x=1} in D
Dix J._ 4 o T
. v
Vix,t) » - M =x in D .
e u e

From the integral espatien (.12} it follows

Mo+ M, u,
0£g =175 50T 4 M - 1) s(E) o+ = &

with which B cannot gccur if Q« =

E:P;:::_::i__:_:ifﬂ EL‘D 1f <D then there exists a pair (¢.%) suwh that C pocurs.
2
Zroot: Glven €< 0 we chocss HEE (0.1} such that @< - z

Miw LT will be ensuch to choose

ag 0,1} , &ct|0.a|) and d€0{|a,1]} such that 4 <0, 20,

rl

simh dx o+ | pix) dx oand @i 2% x in |asg] i
4
a

T
u=a+J
u]

B

2 possible choice is a =
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-8, tx - 142) and elm =mix-172 in ooz

B |
| o
E
ta

vixl=

5
M. ix -1 et -l 1 -
o X 14_ <

phr2 p3/4
with M ¥ U nuch that ¢ = ; i | Min =) dx + ! 'Mglx " _2.] dx 4
*o 147
A
4 i Modwo= 1) dx W
1304

Prupoeition Z.il: For any Q<0 thore exist pairs  (4,%) such that B oocurs.

Framd = We want to tind (4,30 such that

fa il
g=a+| sixbde+| Pix) d= ., <l , pcd
g ‘IH
and 4 2> =1 in | U,0), cacluding coas © {Zee Hemark 2,70,

For Lieat, Lt Lo vrough to take

Caix) 2 ox o= oa, LN} = =Hi{x = a) with W- 3 - BQ |

]
n
L | =

3. CLASSICAL RTQUER 1y CONTROT WINH CVRR-GIBATED S0L1D (#2 0 , y20)

hue co ite similarizy with {643, § € ws ghall wnly stare the important

ponclusions, the prioots are similar 2o the proceadiag onou,
The issthers ¥ - 1 plays in the sver-hustod 3olid the wesot role ay Lha iso-

thore 13- -1 4n the cans oF the s =cacled Liguld,

:"r::uu:ra-it_;":-l:r._ 4,11 Tex (' ®, T, ¥) b2 a solutlon of ©. Thien

f

uow-o

Moreowey, AT b Z0 and P EO it follows thal
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u v
iy 0»0 in D and ¥v>0 in D
T T
i) Q=ait) If O<L<T
2ii) & is an increasing functiom in |0,T) .

By using the analogues of lemmas 2.5 and 2,6, we oblain under the corresponding

assumpticns

Proposition 3.2: If ¢ Z0, then:

th B =p>t
1I) Mesz<p 2l

iiFy C=2n>L .

Proposition 3.3: Let 0> 1 be glven, then thers exists (¢,0)} such Ehat B sccurs

and another one such that C ocours,

4. OVER-COOLED LIQUID IN CONTACT WITO CVER-HEATED SOLID (<0 , ¢ 0]

The possible kinds of bekavicur are:
i] The solution exlsts for all positive time (B].
ii) A finite stopping tise. (T} exlsbts,
a) I1f [éin 'i'm afc) = Q0 or ;;_im ;up gitl = 1] , wa call these

B, aml B ragpectivaly

K

B If {lim inf-sit) > 0 and lim sop 8ig) < 1) . we call dc C .
gl &
The epergy integral Q may take any resl value. The ispthemms T--1 and v=1 play

a major role in Lhe respective phases.

Lepma 4.1: Let J~!I1-'-L'J . HQ:I.'.I be auch tharc erin].x—q] Difxza

Pix) e [x=-a) a<x<l
L, 2 o
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U« x"(TF = inf afc) ¢ sap si{k) = stiTh < 1
iD,7} (a7
0D edemln (8707 , 31 =5%(TH) , 0 28 <1

Uult) = 4,8 > -0 im (0,T}

visit) + <.k} < To imn (BT

Tner there exiwts o constant €3 ¢ such Lhat (3| <2 in {3,100 .

Froaf:

Armalogous ti the one of Lemma 4.5,

memark 4.2: © -+ Lhwe isotherz U=-] ar V-1 reaches the fraa boundary x=8(t.

LR %
il Al
b}
3]
1i} a)
B
c}
Then
]
ii}
Front:
a)
Ix)

i 3: Lek |T, s, Vs W) beoa sulutlen of P oand {é,.4] be such that:

20 .
Fu&iVal /¥ xElaaal o pix ¢ -1
Frr&llal /ot < -1 |3 -], xre g Ln ) Cilal

bim el < 1|z U, shxd 5 -1 |-t} 2 =1,2 .
i - =

Ei: -

Foe[0,t-a) £ ¥ = laasg). pia) 2 0.

F ez, 1) Fixt > (21, wr€le w001, Pk bplx) < L [H]
Pl;xi}il =2 1], - 1,2

0= 0lGxh <=1 iFf sit) > qa .

=L v, >»1 if aic) < 1

Lek un consider the fol lowing four pussible situations
L <pe,Depel . mhen Dl , g5 there is nathing to prova.

LA pp-1 ,0<yp<l . Then 9 <1 .
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| i)
ait) -g =" oix,t, dx = | Vix, =) d@x ¢ - [
-n YzlE) la

Wix, L] eIx

therefore -1 » average U, 0 <L « T
[Camiz:)
lows that e zsotherm U - -1 Qs seperaled from x=0 , ¥T >3 , then

¢ Frum these inegualitices it fel-

Uio,t} < =1 .

@b -le4<D 04, £, Then Q> 3, ie. we have co prove ii}. let os
assume @ 1. Feom Lhe integral equation w2 get: average T 3 1

(L}, 1)
therafors, the facthem V=1 iz scparated from = |,V %0 , wiel which

Vil,th > 3 .

Al el fi"l 20, g1 . For cthis case we do oot atilain g priori
feuncdy for §, so we have to prove L) and 11).
Lot us asswoe Q<0 , followine the procedurs B JL follows OlG,L) « =1,
Tak us agsume Q> 1, following the procedure &) (L ol dows W(1,00 = 1,
Proposition 4.4: Dndef the hypotheses of Lemma 4.1 and Temea 4.3, #7 0 and $ 790 .
Then =
1) A+0<p<1

ii) Blrﬂ)ﬂ'-—-.

i) B eQ<1

Proof:

i) Aelio Wx.t) = lim vix,t} = 0 uanltursly in x . Thepofore:
Tm T

lim =il =@ , them O < <1 .
e

troo Leoma 4.3 it follows:

R =0=U{lt) € -1 = not &

¢ -1 =VI,L) >1 = nl A,

Than O < ¢ =< 1,



el

rl
id] 3= =, Wia,T odx> §
L “L"
i
itit B = =] M,  dx 11 <1.
8

Rrosark 4.5:
1) 1Lf Qilﬁ' , then ¢ or A, may occur.

3y 1f x 1l . then © or BL mAy GOCUL,

BETEI d&.5: Tet Nl ERERETIT 312} 0 be such thal

By
-
=]
©
ol

I'-FIL'x— 1y <9 (x] £
O£ (= a¥, » . in s, t]
Tharr
!
1] s = H_g dogy kol GS00T.
= nr HrrsE TST OCTur.

LWhe prosls are unslogoun B2 the enou in Teowa 2.4,
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