' . B |
numbers. The existence of the maximum provides limited oppertunities ta cnhance _at
gular, differentially heated cavities, which would possibly be potentiated in cavities with

-sting horizontal walls, and in tall cavities with multiple divisions, From a theoretical point
iue of § at which the maximom overall Nusselt pumber ceeurs at a given Ra is shown to
* characterize the Lransilion From a shallow cavity regime to a slender cavity regime,
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ABSTRACT
We study Reat condection problems in spherical coordinates with mixed
bouacary conditians. We obtain sefficient ard/or necessary conditinns amang
the daia ia order to gt a phase-change process, Far the splerical coordinates
c2se w2 censider a problem in a hollow splere ry < r < vy, where the boundary
conditions are the heat flux (g > 0) on the surface r = r, and the temperature
the surfacs 16 > 0) on the surface r = 1, and an initial eondition in the hollow
sphere is also considersd. We analyse bath, the case with or withaut sousce. We
explicit cle relation between the heat fux s the fixed temperature b and the
thermzl eandnctiviey k of the initjal phase, in order to have change of phase in
the materisl. @ 1999 Elsevier Sefence Led -

Heat transfer problems with phase-change such as melting and [reezing have been studied
in the lst centuzy due %o Lheir wide scientific and technological applieations. The madeling of
solidification systems is a problem of a great mathematical and industrial significance. Phase-
thange problems appear frequently n industrial process and other problems of technological interest
[1,3,8,8,10], Far example, a review of a loxg bibliography or meving and free boundary problems

559
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- equation, particulary concerning the Stefan probiem, is presented in (17] with 2 large

T

-y heal conduction peablems in spherical coordinates with mixed bouadary conditions.
‘ufficient and for necessury canditions ameng tha data in order to estimate the occurance
Jange process. We consider a heat canductioa problem (o a hollow sphere ry < F < ry,
'Jﬁndary conditions are the heat flux (g > 0) on the suzlace r = ry and the temperatare
Uie surface r = ry, and an initial condition in the hollow sphere is also considered. Weo
%I, the case with or witheut source. We explicit the relation ameng the heat Aux q, the
7ature b and the thermal eonductivity k of the initial phase, in order to have o change of
- material. We suppese, without loss of generality, that the phase-change temperature

-Ie data monotonicity the corrasponding phase-change interface begins at r = ry.

-¥ the following heat conduction problam: we consider a hollow sphere with cadii ry, rp
the initial Lemprraiure 6y = fo{r) > 0, having a heat fAux g = glt) > 0 an the internal
= ri)and a temperacuze condition b = b{t] > 0 on the external sucface (v = ry). Then

sduction problem for the initial [liquid) phase is given by the following marhematical

klfer + 20 ) = pcly, T <r<ry, [N H ' (1L}
rl)=flr), rsrdry; {1.2)

k8. (1.2} = gl1), >0 (1.3)

Hry 1) = 41}, t>0. {14)

e Lhat the data satisly the hypotheses chat ensure the existence and uniquenaess of the

‘ke Problem Ps.

r, the following two passibilities can accur:

wab conduction prabler is defined for alt ¢ > 0;

s exists a time Ty, < oo (called, a waiting-time) such that anather phase {i.e., the solid
vazs for & > To, and then we will have o solidifiention process, e a two-phase Stefan
1 thiz case, there exisis a (ront (free-Soundary) r = a(£) which separates the liquid and
1ases whose injtial position is given by s(7,) = ry. Moreover, for ¢ < T\, we have a hear

problem for the initial liquid phase,

datesoy

ST
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These two only pessibilities depend on the data Bg, .0, b We try to dlasify this depeadence by

finding necessary or suficient conditions on data in order to estimate the differant oossibilities,

In [6,12,13] the unidimensional ome-phase Stefan problerm with prescrided fux or convective
boundary conditions 2t z = B3 studied. This paper was motivased by [2.14,16], where some
explicit results were obtained for the ome-éimensional case. Firsh we analyse the heat conduction
problent |1 sahesical coordinates (Ps), and then wa study the corresponding problem with a source

lerm.

Heat Conduction Problems in Spherical Coordinates

Without 8 Souree Term

In order to stady the pessibilities a) and b) for the problem Ps we consider the steady-state
heat corduction problem [called Freblem FPuo )y corretpording to (1.1)-(14), which is given by :

-
" 2

ot =y =0 rn<rery
=

ualrz) =b> 0y kL nl=g> 0.
where & and ¢ are posizive constants.
‘The salution of Problem Fy, is given by:

boo(r) bt friit = 1), migrem (2.1}

The temperaloee at the intecor seeface © = &y i3 given by Ba[ry) = b4 §rd ﬁ- _JI-J and we

can conclude cha: if the heat flux g satisfies the jollowing inequality,

> QwEk‘:P:‘;I,’—E'm‘ (2.2}

then the temparature &..{r) < 0, that means shal we have a steady state phase-change process
[14]. This eordition is also a necessary candition to have a clange of phase [13]. From this, it js
nutural to Lhink that we can expect 1o have a change of phase for the evalution case {Prablem Pz],

> QU (with Q2] > Q) for t > tg, lor & suitable pasitive time ig.

The answer to this qo=stion s given below,



* we will obtaln sulficient condition on data of problem [Ps) in erder to gat 2 wai*' 7 time,

sossibilley b,

¥ 1z
*data g =g(t),f = 8[r), and b = b{t} verify the following conditions:

<ql) S <t Lty
cﬁnfﬂdrlﬁﬁ).%(szﬂ, rErgry
GEY N OFY NPy

:xists a "waiting time” T > 0 for Problem (Ps) and its expression is given by

= minfty, Ty) where

[ 4 if 1-%50

! 1 2.3
1 - o Hok

L Q(H Y1~ fv:J if —Eflxl.

HVis the lnverse function of #y where /(2] = exp{z¥)er fe(x).

‘0 te prave the result it is sulficient to show that @(r, ¢} 2 Ofor ry < F € Fyand 0 <t<T..

=

* waiting time T, increases with the parameter g (the lower bound for the initial tem.

« Property | implies that the model of hewl canduction, given by problem Ps, under the
o Gis3ii) s only valid for ¢ < T,,.

«mperature &, the solution of Problem Ps, is a non decreasing furction of variable r, by

Hun prineiple, fe. 8z, ) > 0 for all ry €7 € ry.8 > 0,, when the following conditions

del=n, nersry
Hiy 20, >0
p=g{t) =0, 10

oA,

The temperazuce ir‘|: e writlen as f = f,, + 0% + 30, where By and s sabisfy the following

problems:

Problem Puy Problem Py

ol = 3 =0 o{lh, + i) =
Golr0) = folr} =8 0 Bifr,0)==r2{2 L) 50
o (rst) =10 Fi(rat) =10

lra) =0 Calrg ) =1, )
By the maximup prineiple Uz € 0 and Iy > 0, Using [11] the solution & can be written down

A

Fr) =t ER(.UMF) —enid2, If (__ —)R Gmp)dp. T ETEr >0 (24)

V()
whera RiBm7) = Bry coa{Flr =141 + Lsin@nlr - 7)), (2.5)
1 2
"‘"'T == KT - | (2.6)
N ) L.i’_?\-‘-l-;'inkf‘}—’l]?'z
with Jm > 0 {for m € N) are the solutions of tae equation:
1908alra =}l =~ 1y, and g > 0 (2.7
By some compatation and taking inta account {2.7) tha fuactiva f can be written ealy i sine
térms as:
R(Bwr) == 35 + 3 s (Anlrz =) i2.8)
and ther we can compute the integral
y o m—
It o3 = &) RiBup)io = 3\ fFh+ T coslinlry = ma)). (2.6)
Therelee I} can be writlen as
2+ 5 { i {5
=t Uy ety Sinldm (3 = r)icosGmirg = r1)
[AREN E[ J bt o (2.10)
far ey < 0 < g, ¢ 0und :hen Ml.wp "
e
Uyir b = -z 2 A0 {211}

m=1
Thearem 2.

Let & be the sclaticn of Problam Pe, with the initial and boundary datas satisfving the follewing

hypothesas:
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V() SH0), mSrery
_'=1) Ei{r} =0, LA S
i) &) >0, EHs0, 1>
SOF R NS )
there exists a curve g = Q(t} in the first quadrant of the plane (g,1) such that if ¢ > Q(2),
> 1°, we bave a phase change process for Lhe material where t* is defined by
= ﬁ[l,rag(z_rr,_i.&-_i:_: ;‘TJ (2.12)

any 7= 22 € (1, 7] with a suitable vy > L.

e & = 0 we will only check the temperature § at r = ry, that is

g=aflt

g L
fon JS#+;(ZM5)+ il

1
» Unlreot) £ 0, and 3, is increasiag with m.

wrefore we have #(r, 1) € 0 when

bl

,J., a=ad]
(J- ‘El ,1(3 i

t", where t* is the value that-makes

LESUE

- (202).
"= value £ is great then zero if and only if Ha{v) > L, where Hy(z) is defined by the following

asion

r
Am = folra -k 1= =
™
et some mathematical manipulation we can eenclude that () = 1 for some

i1,7g) With an adequate constant 7p = 1.

g
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Remark 2.

i} I e consider the {t,} plane and we define the following set §= {{t.g%/g > Qltht2 '}, in
the Erst quadrant then we have a two-phase problem for all {t,¢) € §, and 2ellinl
*

i) We can ohtain an pper estimation of the sime 1~ defined by 12.12}. Since 8 > ( ’r"'l‘" e

=),

we can daduce

- L S A=) _mem
'rz:‘nl (3] + )"':""J.)— = ﬂm-l (2m- l)i:r? I

Then the upper bound for 45 i3 given by the following inequallty
tq € ghylog (). (2.13)

Heot Conduction Problems in Spherical Coordinates With a Souree Term

Lat & be the sciztion of the folowing heat conduction problem with a constan saucce term g

in spherical coosdizates:

Froblem Fy:

& —nfﬁ"-,—-EﬁA] = ‘{-, T ri>0
Arll=&irl.n<rary

Eefret)=g>0, 2> 0;  #rg8) =530, t>0)

The steady-staze solution far the problem Pg is given by (5]

1 g
- iJ 2
l'=(?)=—$."2- (3—kr,+%r}) +b+-r,-r;—%:—;+i‘-;};
—l ioad "
=s+i|F -2 a’;]+§[—‘-+*—= nerer {204}

Property &

We obsain the fllowing properties in order ta determine the sign of the stead v.state tampecature
fy (i.e. 1he phase of the mateciall,
(1} i g > 0, then the functioa d., is of non-coastant sign [th.cﬂ.- ara bwe-phases within the matesial}
if and coiy 8 (v} < O, that i ¢ > 02, :T(r_:im'l' fl’ = ——'—"]andg)gn

with oy = -—-—7—— =4
e
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v .

7 <0, then &, if of non-constant sign if and enly if ¢ < 0 and 8., (rn) < 0, where T i3 the

+ solution of the equation £ (r,.) = 0 ia {ri, ), where r, = i+ Ik and Ay(en) < 0
aPs1s A,

ark 3

7all 73 > ry we have that 5 + iz
v we shall cansider the possibility of the occurence of the phase-change process in the evoln-
“hlem Pg. From the above results it is natural to think that we can expect to have a chunge
in the evolution case if g > Q¥(1) = QL > 000t > tg 4, with tg, > 0,

i 4.

Az, 1} be the salution of the problem Pg with the hypatheses of the Thecrem 2 ther there
curve ¢ = Q3(1) In the {g,1) plane {for each posicive g such that if g > Q9(t)and t » ¢,

& change of phase for a sujtable 1= 5 0

temperature & is given by § = 8, + ug + fuy o+ iug, where vy satishes sroblem Pu
- Initial data w(r,0) = Balr) =6 < 0,0, € r 2 1y 1y satishes problem Pu with the
& 2 ) . S
fata w(r0) = ;’— +3h - (,—‘; + 551). and iy satisfies the problem Pu with the initial data
vl -‘-I
B

1+~

‘an compute the temperature at v and we get
g , ¢ "
B{ri. g} = walry, 1) + Frlm) + punghr

I - N AT S S L 1
51 (3&'1 g x-") el ey T S

e =odmTy 7 ? 2 3
L R { IO 3 I A
S&LE:N(ﬁm} r1+?,]+n+k[ t5t J

g 3 femoot: 35 N el SR . TR
i et (Fm ) ra
gt =g such that
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- i ry .
(- "ﬂ’”)z Wig + 'r:{"i =)
(4,

m=]

=
and t* given by the solution of the equation e=92¢" ¥ }

m i
= —=(rs=r) =0, that s
& W m) "Rl

S Wﬁ:l)

"= l.i (
off \TI-I)

which s great than zero by the same argament used in the praaf of the Theorem 2,

Co i
We have obtained sufficient condition on data for 2 heat conduction problem with mixed bonnd.

ary conditions iz arder Lo astimate a phase-change process for a hallow sphere with rad 7y 5 5y

with or withoul a ceastans heat source within the domain.
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& thermal coaductivity , [W/me& | p mass density,[ Ky /m?|
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b temperature an the face r = vg, [P4] = :—* thermal diffusivity,[m? /s]



References
V. Alexiades - 4. D, Selomon, Mathernatioal maodeling af melting and frenzing process, Hemi.
sphere - Taylor & Franeis, Washington {1993).

L.R. Berrone, Quart, Appl. Math. 54,1-19, (1996).

1. R. Cangon, The one dimensional hm:.equa.t:'an, Addison-Wesley, Menle Park (1554).
H.5. Carslaw-J.C, Jaeger, it Conduction af heat in salids, Clarendan Press, Gxford, {1059).
J. Crank, Free and moving boundary problems, darend.on Press, Oxford, (1984).

A. Fasano-B, Primicerio, J. Math. Anal. Appl, BT, 694-T23; {1877),

A. Friedman, Partial Differential Eguations of parabolic type, Prentice Hall, Englewood Cliffs
{1964).

G.G. Garguichevich-D.A, Tarzia, A%, Sem Mal. Fis. Univ Modeng 39, 615-634; {1991).
See alse : Mecdnics Computacional, 3 [1939), 87-100.

1%, Lunasdini . Hest transfer with Jreezing and thawing, Elsevier. Amsterdam (1991).

M. Niezgodka - P. Strzelecki (Eds), Free baundary problems theory end applications, Pitman
Research Notes in Mathematics Series 363, Addison Wesley Longman, Easex(1996).

M. M. Oziaik, Boundary Value Problams of Heat Conduation, Dover Publication, New York
[1968].

D. Sherman, S£AM J, Appl. Math. 20, 535-370; (1971).

AD. Solomorn-D.G. Wilson-V. Alexiades, Quart, Appl. Math. 40, 203-217; (1982},
D.A. Tarsia,Quart, Appl. Math. 38 5 401-487; (L94L).

DuA, Tarzia, Math, Motae 28, 73.89; (1980},

DA Tarzla-C V. Turner, Guart. Appl. Math, 50 1.10; [1992).

D.A, Tarzia, o biblography on mowing free boundary prodlems for the hent equaiion, The
Stefan problem | with 2558 titles), Proggetto Nazfonale MFPI : Equaziani gi evoluzione e
applicaziont fisico-matemnatiche, Firenze, 1088, An up-daced one will 2ppear at the snd of

1998, with mere than 500 titles onthe subjest.

Received Fedruary 23, 1950

e s ik SR VL L0, . 4, B, 5En 0,

; h Capyright © 1999 Elsovier Selence Lid
w Pergamon Prinited in the USA. All righes resarved
) OT35-1923/99/8—s22 Front matter

[

Pl 80733-1933(99)00043.3

EFFECT OF DARCY, FLUID RAYLEIGH AND HEAT GENERATION PARAMETERS QN
NATURAL CONVECTION IN A POROUS
SQUARE ENCLOSURE; A BRINKMAN-EXTENDED DARCY MODEL
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]

ABSTRACT

A Pressere-velacity solution for mateal eonveetion for fuid satwcated heat generating
perous medium in a square enelosure js snalysed by finite element method, The nomericat
solutions obtained for wide range of fluid Rayleigh number, Ray, Darcy number, Dy, and
heat generating number, Q. The justificarion for taking these nan-dimensional paramerecs
incependently is to establish the effect of individual parameters on flaw pactemns. It has been
absesved that peak temperature occacs at the wop central part and weaker velocity prevails
near the vertieal walls of the enclosure due 1o the hest generation parameter alone, On
cempacison, the modified Reyleigh aumber esed by the eatlier investigators[4,5], can not
axplain explicitly the effece of heat generation parameler on aalural convection within an
crclosure having differentially heated vertical walls, At higher Darcy number, the peak
lermperature and pesk velocity are comparatively mere, resulting in better enhancement of
Real transfer mte. € 1999 Elsevier Sekenes Lid

369



