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Linkage principle





Slogan

The linkage principle characterizes the composition factors of the
Verma modules







Small quantum groups











Nichols algebras of diagonal type
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Small quantum groups associatted to generalized root systems

q ∈ Cθ⋊θ

Bq finite-dimensional Nichols algebras of diagonal type

Bq#CΓ bosonization over an abelian group

Uq = D(Bq#CΓ) Drinfeld double
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Main results



Triangular decomposition

Uq = U−
q ⊗ U0

q ⊗ U+
q
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Verma modules

Zk(µ) = Uq ⊗U0
q U+

q
kµ

null

null

null

null

null

null

null

null

null

null



Simple modules

Lk(µ) = head Zk(µ)



Definition

Given β ∈ ∆q
+, µ ∈ Zθ, let n ∈ N be minimum such that

q(β, β)n − ρq(β) πµ̃(KβL−1
β ) = 0

and set

nπ
β(µ) =

n if 1 ≤ n ≤ bq(β) − 1,

0 if n = bq(β) or it does not exist.

We define

β ↓ µ = µ − nπ
β(µ) β
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Linkage principle

Theorem

If Lk(λ) is a composition factor of Zk(µ), then λ = µ or there
exist β1, ..., βr ∈ ∆q

+ such that

λ = βr ↓ · · · β1 ↓ µ

and µ − βq
top ≤ λ ≤ µ
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The blocks of Rep Uq

Corollary
The partion of Zθ given by ↓ determines the blocks of the category
formed by the Zθ-graded U ⊗ k-modules satisfying

M is finitely generated over k;
Mµk ⊂ Mµ for all µ ∈ Zθ;
UνMµ ⊂ Mν+µ for all ν, µ ∈ Zθ;
s m = m π(µ̃(s)) for all µ ∈ Zθ, m ∈ Mµ and s ∈ U0.

null



Projective simple modules

For β ∈ ∆q
+ and µ ∈ Zθ, let

Pq
k(µ) =

∏
β∈∆q

+
1≤t<bq(β)

∏
1≤t<bq(β)

(
q(β, β)t − ρq(β) πµ̃(KβL−1

β )
)

Corollary [AJS, Heckenberger-Yamane]

Let µ ∈ Zθ. The following are equivalent:

1. Pq
k(µ) ̸= 0.

2. Zk(µ) = Lk(µ) is simple.
3. Zk(µ) = Lk(µ) is projective.



1-atypical simple modules

Corollary
If there is only one β ∈ ∆q

+ such that Pq
k(β, µ) = 0, then we have

an exact sequence

0 −→ Lk(β ↓ µ) −→ Zk(µ) −→ Lk(µ) −→ 0.

and hence

ch Lk(µ) = eµ 1 − e−nπβ(µ)β

1 − e−β

∏
γ∈∆q

+\{β}

1 − e−bq(γ)γ

1 − e−γ
.



The linkage principle as a dot action

Let Wq
link be the group generated by all the affine reflections:

sβ,m • µ = sβ(µ + mbq(β)β − ϱq) + ϱq

β ∈ ∆q
+,car, m ∈ Z.

Corollary
Assume π is the trivial algebra map. If Lk(λ) is a composition
factor of Zk(µ), then

1. λ ∈ Wq
link • µ if q is of Cartan type.

2. λ ∈ Wq
link • (µ + Z∆q

+,odd) if q is of super type.
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Idea of the proof



Lusztig isomorphisms [Heckenberger]

Tw = Tik · · · Ti1 : Uw−∗q −→ Uq
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Twisted Verma modules

Zw
k (µ) = Uq ⊗U0

q Tw(U+
q ) k

µ



Theorem

ch Zk(µ) = ch Zw
k (µ⟨w⟩)

HomCq
k

(
Zx
k (µ⟨x⟩), Zw

k (µ⟨w⟩)
)

≃ k
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Proof of the linkage principle

Zk(µ) Zw
k (µ⟨w⟩) Z

wσis
k (µ⟨wσis⟩) Zw0

k (µ⟨w0⟩)

Zws
k (β ↓ µ⟨w⟩)Zk(β ↓ µ)

Φ

⟲

φ

ψ
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Outlook



• Translation functors
• 2-atypical, 3-atypical, 4-atypical, 5-atypical... simple modules
• Connection with Lie superalgebras
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