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Slogan

The linkage principle characterizes the composition factors of the
Verma modules
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Definition. For w € W and A € h*, define a shifted action of W (called
the dot action) by w- A =w(X + p) — p. If X\, € b*, we say that X and p
are(or W-linked) if for some w € W, we have = w - X. Linkage is
clearly an equivalence relation on h*. The orbit {w - X |w € W} of A under
the dot action is called the linkage class (or W-linkage class) of A.

Representations
of Semisimple
Lie Algebras in Working in X does make it possible to reformulate the problem in a
the BGG Category O useful way, taking advantage of Harish-Chandra’s Theorem: first write

(1) chM\) = Za(A.u)chL(u) with a(\, i) € ZT and a(\, \) = 1.
"

James E. Humphreys

Here‘ 4 ranges over weights < A and linked to A by VVL while a(\, ) =
[M(X) : L(p)]. The partial ordering permits us to invert the resulting trian-
gular system of equations:
(2) b L(X) =" b(\, ) ch M(p) with b(A, i) € Z and b(A,A) = 1.
"
The sum is again taken over weights p < A linked to A. To make the role of
W more explicit we can recast this as:
3)  chL(\)= Z b(A, w) ch M(w - \) with b(A\,w) € Z, b(\,1) = 1.
WASA

This last format turns out to be most useful in practice, though the deter-
mination of the coefficients is typically quite subtle. Even in the case A =0,
where the left side is known to be equal to ¢(0), it is nontrivial to fill in the
right side.
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FINITE DIMENSIONAL HOPF ALGEBRAS ARISING
FROM QUANTIZED UNIVERSAL ENVELOPING ALGEBRAS

GEORGE LUSZTIG

INTRODUCTION

0.1. An important role in the theory of modular representations is played by
certain finite dimensional Hopf algebras u over F, (the field with p elements,
p = prime). Originally, T was defined (Curtis [3]) as the restricted enveloping
algebra of a “simple” Lie algebra over F;, g

For our purposes, it will be more convenient to define & as follows.

Let us fix an indecomposable positive definite symmetric Cartan matrix

(a) (@) \<i,jgn-

In particular a; = 2 and a;; = a;; € {0, -1}, for i # j. Let U, be the
Q-algebra defined by the generators E,, F,, H; (1 <i<n),and the relations

(b1) HH = HH,

(b2) HE,-EH =aE,, HF,-FH=-aF,
(b3) EF,-FE =6,H,

(b4) EE,=EE, FF,=FF, ifq;=0,
(b5)

b.

EE;-2EEE+EE =0, F.F,-2FFF +FF =0, ifa;=-1.
Then T, 0 is known to be the enveloping algebra of the simple Lie algebra g

over Q correspondmg to (a)



JOURNAL OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 3, Number 1, January 1990

FINITE DIMENSIONAL HOPF ALGEBRAS ARISING
FROM QUANTIZED UNIVERSAL ENVELOPING ALGEBRAS

GEORGE LUSZTIG

0.1. An important role in the theory of modular representations is played by
certain finite dimensional Hopf algebras u over y A (the field with p elements,

certain finite p = prime). Originally, i was defined (Curtis [3]) as the restricted enveloping

gl;;’;’;’:); b algebra of a “simple"’_ Lie' algebra over F, . )
For our pu; 3
Let us fix a
@ 0.3. Let & be the ring Z/[{], where { is a pthrootof 1, { # 1, p an

odd prime; thus % is the ring of integers in a cyclotomic filed &’. One of
the main results of this paper is that i can be regarded naturally as reduction
modulo a maximal ideal of a Hopf algebra over % . More precisely, we shall

(b1) define a Hopf algebra ii over & with the following properties.
(b2) . HZGE, F.-FH--GF,
(b3) In particular, the simple 'i-modules are in natural bijection with the simple
(b4) u-modules so that the simple i-module corresponding to a simple #-module M
(b5) has dimension < dimM .
BE _2EE We conjecture that the last inequality is an equality (at least for p not too

,Tl: - U' 1 small) and that in fact 7 and ‘i have identical representation theories.

0
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The representation theory of the UlPl(g,) turns out to have many fea-
tures that are (conjecturally) independent of p. Let us mention first the one
most easily described. Since UlP)(g,) has finite dimension, it is the direct
product of indecomposable algebras, the blocks of UlP/(g;). Each indecom-
posable restricted g;-module M belongs to exactly one of these blocks; it is
the unique block not annihilating M. Denote by Bj the block of the trivial
one dimensional g;—module. Work ([Hu2]) by Humphreys from 1971 showed:
If p is greater than the Coxeter number h of R, then the simple modules be-
longing to By are indexed by the Weyl group W. The Cartan matrix of By
is therefore a (W x W)-matrix. In the cases known at that time (and in the
cases known today) this matrix is independent of p (as long as p > h). So
one might conjecture that this independence should hold in general. (This
conjecture is implicitly contained in Verma’s last conjecture in [Ver] to be
discussed below.) We shall prove:

Theorem 1: There is a Z~algebra B (finitely generated as a Z-module) such
that for all k with char(k) > h the block By 1s Morita equivalent to B®z k.

H.H. ANDERSEN, J.C. JANTZEN, W. SOERGEL

r
The algebra B has also an interpretation in characteristic 0. Take an odd
integer p > 1 (prime to 3 if R has a G, component) and consider the quantized
enveloping algebra U, at a p-th root of unity. Here we take Lusztig's version
constructed via divided powers. It contains a finite dimensional analogue u,
of the restricted enveloping algebra. (This was discovered by Lusztig, cf. [Lu6]
and [Lu7].) Then:

Theorem 2: Ifp > h, then B®z Q( VT) is Morite equivalent to the block of
u, containing the trivial one dimensional module.

SOCIETE MATHEMATIQUE DE FRANCE

Publié avec le concours du CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE
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Abstract

Arithmetic root systems are invariants of Nichols algebras of diagonal type with a certain finiteness
property. They can also be considered as generalizations of ordinary root systems with rich structure and
many new examples. On the other hand, Nichols algebras are fundamental objects in the construction of
quantized enveloping algebras, in the noncommutative differential geometry of quantum groups, and in
the classification of pointed Hopf algebras by the lifting method of Andruskiewitsch and Schneider. In
the present paper arithmetic root systems are classified in full generality. As a byproduct many new finite
dimensional pointed Hopf algebras are obtained.
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Abstract This is a survey on Nichols algebras of diagonal type with finite dimen-
sion, or more generally with arithmetic root system. The knowledge of these algebras
is the cornerstone of the classification program of pointed Hopf algebras with finite
dimension, or finite Gelfand—Kirillov dimension; and their structure should be indis-
pensable for the understanding of the representation theory, the computation of the
various cohomologies, and many other aspects of finite dimensional pointed Hopf
algebras. These Nichols algebras were classified in Heckenberger (Adv Math 220:59—
124, 2009) as a notable application of the notions of Weyl groupoid and generalized
root system (Heckenberger in Invent Math 164:175-188, 2006; Heckenberger and
Yamane in Math Z 259:255-276, 2008). In the first part of this monograph, we give
an overview of the theory of Nichols algebras of diagonal type. This includes a dis-
cussion of the notion of generalized root system and its appearance in the contexts of
Nichols algebras of diagonal type and (modular) Lie superalgebras. In the second and
third part, we describe for each Nichols algebra in the list of Heckenberger (2009)
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7. Assume now that k is algebraically closed and of characteristic 0. The classification
of the braided vector spaces (V, ¢) of diagonal type with finite-dimensional B(V) was
obtained in [46]. (When char k > 0, the classification is known under the hypothesis
dim V < 3[51,85]). The core of the approach is the notion of generalized root system;
actually, the paper [46] contains the list of all (V/, ¢) of diagonal type with connected
Dynkin diagram and finite generalized root system (these are called arithmetic). The

e Standard type [2], that includes Cartan type [19]; related to the Lie algebras in the
Killing—Cartan classification.
e Super type [10], related to the finite-dimensional contragredient Lie superalgebras

in characteristic 0, classified in [57].

e Modular type [3], related to the finite-dimensional contragredient Lie (super)
algebras in positive characteristic, classified in [29,59].

e A short list of examples not (yet) related to Lie theory baptised UFO’s.

Nichols algebras

8. This monograph has three Parts. Part I is an exposition of the basics of Nichols




Small quantum groups associatted to generalized root systems

qe CQNG

3

B finite-dimensional Nichols algebras of diagonal type

g

B,#CI" bosonization over an abelian group

& f j,—t'_eoﬁgj;";c

Uy = D(B4#CT) Drinfeld double Colie

| 3= C-))
Smald /pa:bm P U;f—»v N

1


null

null

null

null

null

null

null

null

null


Main results




Triangular decomposition

kL2 =W K,/\Lg [o1pT™)

ZE}C&M &
{ ; ~ %
Uy=U, @U, @U,

/ve?/c ue(gJﬁl gc(jo—» Surw/ﬂzs)

o
e H (K, (_(J Fiﬁ‘—)co( Lo


null

null

null

null

null

null

null

null

null

null


Verma modules
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Simple modules

Ly (p) = head Zi(p)



Given 3 € Al, e 7?, let n € N be minimum such that

q(8,8)" — p*(B) TE(KzLz") = 0

© lZ<
and set \—)7 F Z/

- n if 1<n<b(g)-—1,
nplw) =9 . .
0 if n="09(p) or it does not exist.

We define kﬁ 67-49 ﬂ(@&ﬂ

Blp=p—mngu)p
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Linkage principle

Theorem

If L (\) is a composition factor of Zy (), then A\ = p or there
exist [, ..., Br € AL such that

N=Fr L Blp

and pu— B, <A< p

é)z\ﬁé%ﬂf A)(&
Gt
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The blocks of Rep U,

Corollary
The partion of Z? given by | determines the blocks of the category

formed by the Z%-graded U ® k-modules satisfying

M is finitely generated over k;
d /é M,k C M, for all u € VAR
K UM, C M,y forallv,u e VAL
sm = mmn(f(s)) for all p € Z%, m € M,, and s € UY.


null


Projective simple modules

For 3€ Al and p € 70, let

Pw= II I (a8.8)" - "B mii(KsL3")
BEAT  1<t<bI(B)
1<t<b%(B)

Corollary [AJS, Heckenberger-Yamane]

Let p € Z°. The following are equivalent:

1 Pi(w) # 0.
2. Zy(p)
3. Zx(p) = Li(u) is projective.

Ly (p) is simple.



1-atypical simple modules

Corollary
If there is only one 3 € A such that B} (3, ) = 0, then we have

an exact sequence
0 — Ly(B 4 u) — Zx(n) — Lyx(p) — 0.

and hence

1— e—ng(u)ﬁ 1— e—b“(v)v

1—e B 1—e °
©7 seal\is) ‘

ch Ly () = e



The linkage principle as a dot action

Let Wﬁnk be the group generated by all the affine reflections:

sgm ® = sg(pu+mbi(B)s —07) + Qq\
>
B e Aj—,car' m € Z. ] Z'(.g (f\'_/\B
CH Fe&: %

Corollary
Assume 7 is the trivial algebra map. If Lg(\) is a composition

factor of Zy(u), then

1. A e W], e if qis of Cartan type.

2. e Wi e (n+ZAY 44) if qis of super type.
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Idea of the proof




Lusztig isomorphisms [Heckenberger]

-6 . —Q "
U\) 'l< 6‘\‘1‘1/—7&

Ty =Ty -+ Ty : Uyeqg — Uy

Uy = Ta 0z )o U, o T (2
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Twisted Verma modules

Zi (1) = Uq @porg, () K
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Proof of the linkage principle

L\‘L\) <%u<<m = L«k () <VJ/LQ
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Outlook




= Translation functors
= 2-atypical, 3-atypical, 4-atypical, 5-atypical... simple modules

= Connection with Lie superalgebras
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